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In this section, we discuss relativistic RMBPT for rst-
and second-order transition matrix elements for atomic
systems with two valence electrons and one hole. Details
of the RMBPT method for calculation of radiative tran-
sition rates for systems with one valence electron and
one hole were presented for Ne-like and Ni-like ions in
[28, 29]. Here, we follow the pattern of the correspond-
ing calculation in Refs. [28, 29] but limit our discussion to
the model space and the rst- and second-order particle-
particle-hole diagram contributions in Na-like ions.
A. Model space











) core and one hole in the core, the
model space is formed from particle-particle-hole states








j0i, where j0i is the core state func-
tion. Indices v and w designate valence electrons and



















. To obtain orthonormal model
states, we consider the coupled states (vwa) dened by































































































where [J ] = 2J + 1. Combining two n = 3 parti-
cles with possible intermediate momenta and n = 2
hole orbitals in sodium, we obtain 121 odd-parity states
with J = 1=2    11=2 and 116 even-parity states with
J = 1=2    11=2. The distribution of the 237 states
in the model space is found in Table I of the accom-
















]2l(J) in the tables and text below.
B. Dipole matrix element





, and the second-order Breit correc-
tion to the reduced E1 matrix element B
(2)
for a tran-
sition between the uncoupled particle-particle-hole state





The uncoupled reduced matrix elements are calculated
in both length and velocity gauges. Dierences between





(1=2) - 3s] matrix element in panels
(a) and (b) of Fig. 1. In the high-Z limit, Z
(1)
is propor-
tional to 1=Z, Z
(2)





independent of Z (see [31]). Taking into account this Z-











the gure. The contribution of the second-order matrix
elements Z
(2)
is seen to be much larger in length form.
Dierences between results in length and velocity forms
shown in Fig. 1 are precisely compensated by \derivative
terms" P
(derv)
, as shown later.
C. Dipole matrix elements in Cu
18+
In Table I, we list values of uncoupled rst- and second-







with derivative terms P
(derv)
for Na-like copper, Z = 29.
For simplicity, we only list values for selected dipole tran-
sitions between odd-parity states with J = 1/2 and the
ground 3s and excited 3d
3=2
states. Uncoupled matrix
elements for other transitions in Na-like copper are given
in Table II of the accompanying EPAPS document [30].
The derivative terms shown in Table I arise because tran-
sition amplitudes depend on energy, and the transition
energy changes order-by-order in RMBPT calculations.
Both length (L) and velocity (V ) forms are given for the







dier by 10%; the L - V dierences
between second-order matrix elements are much larger





in length form but P
(derv)
in velocity
form is smaller than Z
(1)
in velocity form by three to four
orders of magnitude.
Although we use an intermediate-coupling scheme, it
is nevertheless convenient to label the physical states us-
ing the LS scheme. Length and velocity forms of cou-
pled matrix elements dier only in the fourth or fth
digits. These L - V dierences arise because we start
our RMBPT calculations using a non-local Dirac-Fock
potential. If we were to replace the DF potential by a lo-
cal potential, the dierences would disappear completely.
Removing the second-order contribution increases L - V
dierences by a factor of 10. Values of coupled reduced
matrix elements in length and velocity forms are given
in Table III of the accompanying EPAPS document [30].
Theoretical wavelengths  and transition probabilitiesA
r
for selected transitions in Na-like from Z = 26 up to Z
= 30 are given in Table IV of [30].
III. RESULTS AND COMPARISON WITH
OTHER THEORY AND EXPERIMENT
Trends of the Z-dependence of transition rates for the
transitions from core-excited even-parity states with J =








































































(1=2){3s transition calculated in length and velocity forms in Na-like
ions.
TABLE I: Uncoupled reduced matrix elements in length L and velocity V forms for transitions between the selected odd-parity






































































































































0.000000 0.000000 0.000671 0.000436 0.000004 0.000002 0.000000 0.000000
TABLE II: Wavelengths ( in
















, J = 1=2 ) to the ground state in Na-like ions. Comparison with theoretical data obtained by using YODA
code from Ref. [2]. Numbers in brackets represent powers of 10.


























































































13.6959 13.6884 9.156[07] 1.67[09] 2.3876 2.3881 2.952[08] 1.43[10]























































































































































FIG. 2: Transition rates for the transitions from core-excited even-parity states with J = 1/2 as function of Z in Na-like ions.
5TABLE III: Wavelengths ( in




















like ions. Comparison with experimental data (
expt
) from
Ref. [12]. Numbers in brackets represent powers of 10.



























































































































































































































































































































1/2 to two possible singly-excited odd-parity states are
presented in Fig. 2. Figures for transitions from other
states are found in the accompanying EPAPS document
[30].
We nd that transitions with smooth Z-dependence
are rarer than transitions with sharp features. Smooth
Z-dependence occurs for transitions from doublet and
quartet core-excited states. Usually, singularities occur
in the intermediate interval of Z = 25 - 50 when neither
LS nor jj coupling schemes describe the states of these
ions properly. One general conclusion that can be derived
from the gures is that the smooth Z-dependence oc-
curs more frequently for transitions from low-lying core-
excited states.
Singularities in the transition-rate curves have two
distinct origins: avoided level crossings and zeros in
dipole matrix elements. Avoided level crossings result
in changes of the dominant conguration of a state at a
particular value of Z and lead to abrupt changes in the
transition rate curves when the partial rates associated
with the dominant congurations below and above the
crossing point are signicantly dierent. Zeros in tran-
sition matrix elements lead to cusp-like minima in the
transition rate curves. Examples of each of these two
singularity types can be seen in Fig. 2.
In Table II, we present data for transitions from odd-





compare the present RMBPT values with those given
by Nilsen [2]. More complete comparisons are given in
the accompanying EPAPS document [30]. The calcula-
tions of [2] were based on a multicongurational rela-
tivistic bound-state and distorted-wave continuum code
(YODA). Since jj labeling was used in [2], we keep that
labeling in Table II. We nd that the A
r
-values from
RMBPT and YODA dier by 10% in most cases. The
dierences are explained by the second-order corrections
to dipole matrix elements included in RMBPT.
In Tables III - V, wavelengths and electric-dipole tran-
sition rates are presented for transitions in Na-like Fe,
Co, Ni, Cu and Zn. We limit the tables to transitions
given in Refs. [12, 14, 20]. Measurements for Fe
15+
are
presented in Tables III and IV since two dierent ranges
of spectra were investigated in Ref. [12] (16.8 - 17.8

A)
and Ref. [14] (15.1 - 15.5

A). Three lines for Fe
15+
were
identied in region (15.1 - 15.26

A) by Brown et al. in

















tions produce 393 spectrum lines. These lines in Fe
15+
are covered by four spectral regions; 12.5 - 14.2

A (114
lines), 15.1 - 15.9

A (174 lines), 16.8 - 17.9

A (102 lines),
and 19.3 - 19.7

























transitions. Our RMBPT data together with exper-
imental measurements for Fe
15+
in the region of 16.8 -
17.8

A and 15.1 - 15.5

A are presented in Tables III and
IV, respectively. The agreement between our RMBPT
wavelengths and the experimental values is 0.02 - 0.04%
for both regions of the spectrum.
IV. CONCLUSION
We have presented a systematic second-order relativis-
tic MBPT study of reduced matrix elements and transi-














(J) - 3lj] electric-dipole
transitions in sodiumlike ions with the nuclear charges
Z ranging from 14 to 100. Our retarded E1 matrix ele-
ments include correlation corrections from Coulomb and
Breit interactions. Both length and velocity forms of
the matrix elements were evaluated and small dierences
(0.4% - 1%), caused by the non locality of the start-
ing DF potential, were found between the two forms.
Second-order RMBPT transition energies were used in
our evaluation of transition rates. These calculations
were compared with other calculations and with avail-
able experimental data. For Z  20, we believe that the
present theoretical data are more accurate than other















(J) core-excited states and the 3lj
6TABLE IV: Wavelengths ( in


















in Na-like ions. Comparison with experimental data (
expt
) from Ref. [14] (a) and Ref. [20]
(b). Numbers in brackets represent powers of 10.














































































































































































































































































15.573 6.467[11] 14.143 14.148
a
7.639[11]
TABLE V: Wavelengths ( in


















in Na-like ions. Comparison with experimental data (
expt
) from Ref. [14]. Numbers in
brackets represent powers of 10.



































































































































































































































11.785 11.784 5.716[11] 12.864 4.781[11] 10.837 6.885[11]
singly-excited states in Na-like ions. We hope that these
results will be useful in analyzing older experiments and
planning new ones. Additionally, these calculations pro-
vide basic theoretical input amplitudes for calculations of
reduced matrix elements, oscillator strengths and tran-
sition rates for Cu-like satellites to transitions in Ni-like
ions.
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CONTRIBUTION FOR DIPOLE MATRIX
ELEMENT
The rst-order reduced E1 matrix element Z
(1)
for a transition between the uncoupled particle-particle-hole state





































































































1 for w 6= v
1=
p
2 for w = v:
The dipole matrix element Z(va), which includes retardation, is given in velocity and length forms in Eqs.(3,4) of












































































































































































































































































In the above equations, the index b designates core states, index n designates excited states, and index i denotes
an arbitrary core or excited state. In the sums over i in Eqs. (A3,A4), all terms with vanishing denominators are




(abcd) are given by Eq.(2.12) and Eq.(2.15) in Ref. [32] and 
ij
is
dened at the end of section II in [32]; (w) is a one-electron DF energy.
8The derivative term is just the derivative of the the rst-order matrix element with respect to the transition energy.
















































The derivative term Z
(derv)
(va) is given in length and velocity forms by Eqs. (10) and (11) of Ref. [31].






































































. (Note that Z
(HF)
vanishes since we start from
a Hartree-Fock basis.) The sum over vwa; J
0
12
is understood as sum over the complex of states with the same J and








to represent second-order corrections arising from the






]a(J)] are eigenvectors (or mixing coeÆcients) for particle-particle-hole
state F . The initial state I is a single, one-valence state. Using the above formulas and the results for uncoupled
reduced matrix elements, we carry out the transformation from uncoupled reduced matrix elements to intermediate
coupled matrix elements between physical states.
[1] M. H. Chen, Phys. Rev. A 40, 2365 (1989).
[2] J. Nilsen, At. Data Nucl. Data Tables 41, 131 (1989).
[3] H. L. Zhang, D. H. Sampson, R. E. H. Clark, and J. B.
Mann, At. Data Nucl. Data Tables 41, 1 (1989).
[4] R. Bruch, U. I. Safronova, A. S. Shlyaptseva, J. Nilsen,
and D. Schneider, Phys. Scr. 57, 334 (1998).
[5] R. Bruch, U. I. Safronova, A. S. Shlyaptseva, J. Nilsen,
and D. Schneider, J. Quant. Spectr. Radiat. Transfer 60,
605 (1998).
[6] M. A. Bautista, J. Phys. B 33, 71 (2000).
[7] W. Eissner, M. Jones, and H. Nussbaumer, Comput.
Phys. Commun. 8, 270 (1974).
[8] J. Sugar and C. Corliss, J. Phys. Chem. Ref. Data Suppl.
2, 100 (1985).
[9] T. Shirai, Y. Funatake, K. Mori, J. Sugar, W. L. Wiese,
and Y. Nakai, J. Phys. Chem. Ref. Data 19, 127 (1990).
[10] J. P. Buchet, M. C. Buchet-Poulizac, A. Denis,
J. Desquelles, M. Druetta, S. Martin, and J. F. Wyart,
J. Phys. B: At. Mol. Phys. 20, 1709 (1987).
[11] C. Jupen, L. Engstrom, R. Hutton, and E. Trabert, J.
Phys. B 21, L347 (1988).
[12] P. G. Burkhalter, L. Cohen, R. D. Cowan, and U. Feld-
man, J. Opt. Soc. Am. 69, 1133 (1979).
[13] S. Y. Khakhalin, A. Y. Faenov, I. Y. Skobelev, S. A.
Pikuz, J. Nilsen, and A. Osterheld, Phys. Scr. 50, 102
(1994).
[14] V. V. Akulinichev, E. G. Kurochkina, M. E. Mavrichev,
E. G. Pivinskii, V. L. Kantsyrev, and A. S. Shlyaptseva,
Optics and Spectr 76, 826 (1994).
[15] V. V. Akulinichev, E. G. Pivinsky, A. S. Shlyaptseva,
V. L. Kantsyrev, and I. E. Golovkin, Phys. Scr. 51, 714
(1995).
[16] S. Bollanti, P. Di-Lazzaro, F. Flora, T. Letardi, L. Pal-
ladino, A. Reale, D. Batani, A. Mauri, A. Scafati,
A. Grill, et al., Phys. Scr. A 51, 326 (1995).
[17] A. R. Mingaleev, S. A. Pikuz, V. M. Romanova, T. A.
Shelkovenko, A. Y. Faenov, S. A. Ermatov, and J. Nilsen,
Quantum. Electron 23, 397 (1993).
[18] P. Beiersdorfer, M. Bitter, S. von Goeler, S. Cohen, K.W.
Hill, J. Timberlake, R. S. Walling, M. H. Chen, P. L.
Hagelstein, and J. H. Scoeld, Phys. Rev. A 34, 1297
(1986).
[19] P. Beiersdorfer, J. Nilsen, J. H. Scoeld, M. Bitter, S. von
Goeler, and K. W. Hill, Phys. Scr. 51, 322 (1995).
[20] G. V. Brown, P. Beiersdorfer, H. Chen, M. H. Chen, and
K. J. Reed, ApJ 557, L75 (2001).
[21] K. J. H. Phillips, C. J. Greer, A. K. Bhatia, I. H. Coey,
R. Barnsley, and F. P. Keenan, Astron. Astrophys. 324,
381 (1997).
[22] D. Schneider, M. H. Chen, S. Chantrenne, R. Hutton,
and M. H. Prior, Phys. Rev. A 40, 4313 (1989).
[23] P. Focke, T. Schneider, D. Schneider, G. Schiwietz,
I. Katar, N. Stolterfoht, and J. E. Hansen, Phys. Rev.
A 40, 5633 (1989).
[24] R. Hutton, D. Schneider, and M. H. Prior, Phys. Rev. A
44, 243 (1991).
[25] D. Schneider, R. Bruch, A. Shlyaptseva, T. Brage, and
D. Ridder, Phys. Rev. A 51, 4652 (1995).
9[26] S. Bliman, R. Bruch, P. L. Altick, D. Schneider, and
M. H. Prior, Phys. Rev. A 53, 4176 (1996).
[27] R. D. Cowan, The Theory of Atomic Structure and Spec-
tra (University of California Press, Berkeley, 1981).
[28] U. I. Safronova, W. R. Johnson, and J. R. Albritton,
Phys. Rev. A 62, 052505 (2000).
[29] U. I. Safronova, C. Namba, I. Murakami, W. R. Johnson,
and M. S. Safronova, Phys. Rev. A 64, 012507 (2001).
[30] See EPAPS Document No. [number will be inserted by
publisher ] for additional gures and tables. Figs. 1-
5: Transition rates for the transitions from core-excited
even-parity states with J = 3/2, 5/2 and odd-parity
states with J = 1/2 - 5/2 as function of Z in Na-
like ions. Tables I - VIII: Possible particle-particle-hole
states in the Na-like ions; jj-coupling scheme. Uncou-
pled and coupled reduced matrix elements in length
and velocity forms for transitions between the odd-
parity core-excited states with J = 1/2 and the ground
and singly-excited states. Wavelengths (in Angstrom)
and transition rates (Ar in 1/sec) for transitions be-
tween core-excited states and excited states in Na-like
ions. Comparison with theoretical and experimental data
This document may be retrieved via the EPAPS home-
page (http://www.aip.org/pubservs/epaps.html) or from
ftp.aip.org in the directory /epaps/. See the EPAPS
homepage for more information.
[31] U. I. Safronova, W. R. Johnson, M. S. Safronova, and
A. Derevianko, Phys. Scr. 59, 286 (1999).
[32] M. S. Safronova, W. R. Johnson, and U. I. Safronova,
Phys. Rev. A 53, 4036 (1996).
